This paper introduces an alternative procedure for estimating the prevalence of international migration at the municipal level in Colombia. The new methodology uses the empirical best linear unbiased predictor based on a Fay-Herriot model with target and auxiliary variables available from census studies and from the Demographic and Health Survey. The proposed alternative produces prevalence estimates which are consistent with sample sizes and demographic dynamics in Colombia. Additionally, the estimated coefficients of variation are lower than 20% for municipalities and large demographicallyrelevant capital cities and therefore estimates may be considered as reliable.
Introduction
According with data recently released by Migración-Colombia (2015) the migratory flow of Colombians abroad in the period 2007-2015 displayed an upward trend. The registered data reflect the upward trends in migration prevalence and the variability over the years. For instance, in 2012 Colombia showed the greatest increase in migration abroad (approximately 25%) with respect to 2011. Migration is a key element for growth (and downturn) in populations. Edmonston and Michalowski (2004) showed that changes in the demographic characteristics of origin and destination areas are affected by migration flows and hence the importance of having estimations that give an account of the characteristics for this phenomenon. In the case of Colombia, there is a marked contrast between the growing need for disaggregated data at a local level for planning purposes and the lack of adequate sources, tools and research with the level of detail required. Despite the fact that internal migration has a greater impact than international migration in terms of population growth and demographic change in the majority of municipalities, there is a growing need to research the effects of international migration as it has a significant impact on the demographic dynamics of some of the areas of interest. See Smith et al. (2013) for a practical guide on state and local population projections. An important source of information to measure migration prevalence (proportion of individuals in a population which displays the migratory event in a given moment or period of time) abroad at the municipal level is the population census carried out in 2005 by the National Administrative Department of Statistics (DANE, by its Spanish acronym). Another recent information source is the Demographic and Health Survey of 2015 (DHS2015), in which it is possible to measure the number of households that have experienced migration abroad at a departmental level. See Profamilia (2015) for a description of DHS2015. It is possible to make estimations of international migration prevalences for 2015 at the municipal level by borrowing strength of prevalences obtained from the 2005 census, which can display considerable bias if they are taken as linear trends over the years. For this reason, it is essential for the country to be able to measure migration prevalence at the municipal level with greater precision. A methodological proposal to estimate migration prevalences at the municipal level would make it possible to have estimations for intercensal periods and, additionally, would help to update estimations on the level and structure of population dynamics in Colombia. Likewise, a migration study at the municipal level would help to illustrate the health, education and employment requirements of the new population. The goal of this paper is to explore for the first time (for the best of our knowledge), the use of small area estimation (SAE) theory to estimate the prevalence of migration abroad in intercensal periods at the municipal level. Using the Colombian demographic context as a reference, the paper also establishes whether the prevalence estimates based on the proposed methodology are reliable and in keeping with population dynamics. Therefore, this work proposes an alternative methodological framework to estimate the prevalence of migration abroad at the municipal level in Colombia. Statistical models have helped researchers to estimate migration flows between regions or countries. For example, Willekens (2008) applied unit-level models to calculate the probability that individuals in the population will migrate. At the aggregated level, Plane (1982) and Raymer (2007) proposed gravity, entropy maximization and log-linear models to estimate aggregate migration flows between countries and Raymer and Rogers (2007) incorporated spatial dependence and socio-economic similarities between origin and destination countries. However, these approaches do not consider the problem of using survey data to estimate migration in regions where the amount available information is small. The sampling and inference techniques for finite populations are used to calculate direct estimators of international migration prevalences and their variances. These direct estimates are entered into a Fay-Herriot (FH) model that enables the calculation of empirical best linear unbiased predictors (EBLUP) of international migration prevalences ate the municipal level. The Fay-Herriot model is a linear mixed model proposed by Fay and Herriot (1979) to estimate the average per capita income in small areas in the United States. Esteban et al. (2012) and Morales et al. (2015) , Benavent and Morales (2016) and Burgard et al. (2019) extended this methodology to the estimation of small area poverty proportions under temporal, bivariate and measurement error Fay-Herriot models respectively, but they did not give applications to demography or to population dynamics. Rao and Molina (2015) gave a complete introduction to the theory and practice of small area estimation. The rest of this paper is organized into three sections. Section 2 introduces the Fay-Herriot model and presents the estimators of migration prevalences. This section also provides an adequate modeling of the estimated design-based variances of the direct estimators. Section 3 applies the methodology of Section 2 to estimate the prevalence of migration abroad in municipalities of Colombia. Additionally, Section 3 carries out a model diagnosis along with a comparison with traditional estimators. Finally, Section 4 presents some conclusions related to the obtained results.
Migration prevalence estimation under the FayHerriot model
Consider a finite population of size N , where the units are households. For each household j, the variable of interest is y j = 1 if at least a person in the household j currently lives abroad, and it is y j = 0 if no one in the household j currently lives abroad. Assume that the population is divided into small areas labelled by d = 1, . . . , D. In our case, they are the municipalities of Colombia. Let s be a sample extracted at random from the population according to a given sample design. The population and the sample are denoted by U = ∪ Hájek (1971) , and the corresponding estimated coefficient of variation arê
w j is the direct estimator of the population size of municipality d and w j is the sample weight or expansion factor of household j. The sample weights of the DHS2015 survey are obtained from a complex sampling design in four stages: (1) municipalities, (2) urban blocks and rural areas, (3) segments and, (4) people. The quartiles of the sample sizes of the D = 282 municipalities represented in the DHS2015 survey are n (0) = 7, n (1) = 47, n (2) = 89, n (3) = 170, n (4) = 3069. Therefore, estimating municipality indicators is a SAE problem. The direct estimators are approximately unbiased for Y d , d = 1, . . . , D, but they are not usually precise for estimating small areas parameters. Because of the small sample sizes, they lead to considerably high coefficients of variation (> 20%). See Särndal et al. (1992) for more details about inference in finite population and properties of direct estimators. Small area estimators might be based on unit-level or area-level models. Under the arealevel approach, a model is fitted to the aggregated data (
. . , D, where x d is a row vector that contains the values of p auxiliary variables. The use of arealevel SAE procedures has the disadvantage of using auxiliary variables aggregated at the municipality level, with the possible loss of information with respect to the data aggregated at a lower level (for example, blocks, segments or people). However, this disadvantage is offset by using all the auxiliary variables available at the municipal level. This fact also prevents the restriction of estimators based on unit-level models that must have the same auxiliary variables in the survey file and in the external administrative records. Fay and Herriot (1979) introduced an area-level linear mixed model for small area estimation. The Fay-Herriot model for estimating the prevalence of international migration can be expressed in the matrix form 
The Fay-Herriot model
The EBLUP (2.4) is a weighted average of the estimate produced by the direct estimator and the values predicted by model (2.2). If the sample size per municipality n d is large, it is understood thatσ . However, these estimates are not precise since the sample sizes of the municipalities are generally very small. An alternative estimation procedure uses auxiliary data and applies a log-linear model for the variance estimates of direct estimators. This is the method of the Generalized Variance Function (GVF), which is described, for example, in Schall (1991) . The GVF method fits the model
. . , D, are independent. In order to estimate σ 2 d , the predicted values are obtained from model (2.5) using the following formulâ
where exp{v ar(Ŷ dir d )} is the bias-correction term in log-normal regression. This paper selects the auxiliary variables contained in the vector x v d from the direct estimates of migration prevalences,Ŷ dir d , the sample sizes n d and the interaction between them. For improving the predictive capacity of the GVF model (2.5), the included covariates can be raised to an exponent resolving potential problems of heteroscedasticity. In practice, when the correction term is not used, the GVF method tends to underestimate the variances. To estimate the coefficient of variation of the EBLUPŶ
F H d
, we approximate its the mean squared error (MSE). Prasad and Rao (1990) gave the MSE estimator
where
with g 3 (σ 2 u ) given by Datta and Lahiri (2000) and where the asymptotic variance is
Migration prevalence estimation in Colombia
This section fits a Fay-Herriot model to DHS2015 data and calculates the EBLUP of the prevalence of migration abroad at the municipal level. Section 3.1 applies the GVF method to estimate the variances of the direct estimators of migration prevalences. The final variance estimates are the predicted values of a selected log-linear regression model. Section 3.2 presents the comparisons between the EBLUPs and the direct estimators of migration prevalences and the corresponding diagnosis of the fitted Fay-Herriot model.
Modeling the variance of the direct estimator
As mentioned in Section 2, in order to improve the application of the Fay-Herriot model a GVF estimation of the variance of the direct estimator is carried out. Since, in some municipalities the direct estimate and its variance equals zero a term δ is added to the variance of the direct estimator in model (2.5) to prevent numerical errors and/or heteroscedasticity in the residuals. However, due to the term δ, the correction exp{v ar(Ŷ dir d )} is not applied in (2.6). In practice, there are different possibilities for the selection of the value δ. In this work, we take δ as the average of the direct estimates of the design-based variances, which is δ = 0.0056. For the GVF model (2.5), the selected explicative variables and parameters are
The selection of the variables of the log-linear model is made through the Akaike Information Criterium (AIC) in which the final model includes all the variables proposed in (3.1). Table 3 .1: Estimated parameters of the GVF model.
The signs of the regression parameters basically say that the variance of the direct estimator of the migration prevalence increases with the estimated prevalence and decreases with the sample size. It is interesting to observe that β v 6 < 0, so that the direct estimator and the sample sizes interact negatively. Figure 3 .1 plots the residuals of model (2.5) with the explicative variables and parameters (3.1). The residuals do not present problems of heteroscedasticity or normality and no significant outliers are observed. Figure 3 .2 (left) plots a dispersion graph between the direct estimates and the logarithms of their estimated variances. Figure 3 .2 (right) plots a dispersion graph between the predicted logarithms of the estimated variances and the logarithms of the estimated variances; this is to say, between the predicted and observed values of the GVF model. In both cases, we observe a positive linear relationship that validates the selected GVF model. To construct Figure 3 .3 (left), we partition the set of sample sizes into four subsets using the quartiles as cut points. From lowest to highest, sets are denoted by n d,1 , ..., n d,4 . Figure  3 .3 (left) illustrates how the log-variance of the direct estimator decreases when the sample size increases, which is natural from a practical point of view. In Figure 3 .3 (right), it is possible to observe how the variance of the direct estimator and its prediction increase with similar behavior for different values in the estimation of migration prevalence. 
EBLUPs of international migration prevalences
This section fits a Fay-Herriot model to the estimates of the prevalence of international migration in municipalities of Colombia, performs a diagnosis analysis and presents the results of the employed methodology. For the Fay-Herriot model introduced in (2.2), the use of covariates that provide the greatest possible degree of information at the municipal level is highly important. One of the objectives of this work is to estimate the migration prevalence in intercensal periods. For this reason, we use data from the census carried out right before the survey DHS2015 for introducing the auxiliary variables of the selected Fay-Herriot model. The first covariate, x 1 , is the small area average of the unit-level variable The Fay-Herriot model that includes only the variable x 2 has AIC=-1252.266 and the model with the variables x 1 and x 2 has AIC=-1311.098. The second model has lower AIC, a better interpretation of the results and an acceptable analysis of residuals. For these reasons, the second model is selected. Table 3 .2 presents the estimated parameters of the selected model. .5 shows that the EBLUPs provide more conservative and smooth estimations of prevalences than those obtained using the direct estimators. The EBLUPs of international migration prevalences are comparable with those obtained by using the direct estimator, but they have smaller mean squared errors as shown in Table 3 .3. Table 3 .3 presents the estimates of international migration prevalences at the municipal level for large capital cities and border areas. These are the municipalities where the flow of migrants is of greater interest for studying the population dynamics in Colombia. Columns 2 and 4 contain the direct and EBLUP estimation, respectively. Columns 3 and 5 contain the estimated coefficients of variation for direct estimators and EBLUPs, respectively. Table 3 .3 shows that EBLUPs have lower estimated coefficients of variation than direct estimators in all cases. Further, the estimated coefficients of variation are lower than 20%. This has considerable practical implications for the final publication of results and for decision making. Figure 3 .6 plots the results for each geographic area and illustrates how in large capital cities and border zones the phenomenon of migration abroad is greater, which is consistent with population dynamics in Colombia. Table 3 .3: Estimates of international migration prevalences at the municipal level.
Concluding remarks
The main Colombian cities, which are Bogotá, Cali, Medellín, Barranquilla and Cartagena, present some of the highest estimations in the proportions of households that have experienced international migration (with family members abroad). This is interesting inasmuch as these cities are the main areas where services, education and work are concentrated. It is likely that for many international migrants passing through capital cities represents an intermediate phase to look for opportunities to emigrate, whereas for those who are from said municipalities it may be an attractive option to complement their educational and career projects or to search for a better quality of life. Moreover, high indicators can also be seen in municipalities of the coffee-growing region which doubtless have a series of migration determinants and are different to those of the capital cities. This is a topic that merits further investigation in greater detail in order to better identify and characterize these differences. Likewise, it must be highlighted that events that occur in specific geographical locations, in this case capital cities, often have consequences on their direct neighbors -the adjoining municipalities. In this sense, what was mentioned earlier can be reconfirmed: migratory phenomena do not occur homogeneously within the country. Instead, there is a selection filter meaning that there is a greater prevalence of international emigration in some populations; for example, educational level and employment on an individual scale, but also at the scale of small areas. In fact, it is for these very same reasons that migration is affected by the economic cycle of countries and regions. Situations of economic crisis, such as the current situation in Venezuela, determine changes in the volumes of emigrants and immigrants, taking into account that individuals and families tend to look for the best opportunities in the areas identified. The result obtained is also relevant insofar as, in Colombia, high-quality disaggregated indicators on a municipal level are only available after each population census, that is, every 10 or 15 years. In the intervening years, it is normal for changes to occur in migration patterns and in the intensity of the phenomenon. For this reason, sample surveys provide data that makes it possible to obtain estimates for interim periodsintercensal estimations -and for periods following censuses, whereby survey results are available -postcensal periods. Additionally, the possibility of including variables that could be catalogued as migration determinants in the models had not been addressed in other demographic sources and applications consulted in the DANE. Hence, it can be affirmed that small areas estimation is very useful for demographic analysis, since estimations which are more-or-less robust and very detailed can be obtained without the need of increasing sample sizes. The estimation of migration prevalence in Colombian municipalities in intercensal periods is of great importance due to the variability of the migratory flow over recent years. Direct estimations using surveys such as DHS make it possible to obtain estimates at the municipal level, with the disadvantage that these estimates display considerable sample errors. Therefore, a methodology was conducted to estimate migration prevalence at the municipal level using, for the first time, SAE methods, particularly estimation based on Fay-Herriot area models. In order to estimate migration prevalence in intercensal periods, auxiliary variables at the municipal level were used. They were obtained from previous census studies and applied to a Fay-Herriot model and to the appropriate modeling of variance at the municipal level. By applying SAE methods, prevalence estimates were obtained with estimated coefficients of variation lower than 20%, enabling the results to be applied in statistical reports for decision making. The migration prevalence estimations are consistent with the population dynamics of Colombia, and they are similar to estimates achieved using the direct estimator, however with a considerably lower estimation error. Finally, the methodology proposed can be considered for the estimation of other indicators in a future work.
